A partition is said to be (k, d)-noncrossing if it avoids 12 · · · k12 · · · d. We find an explicit formula of the ordinary generating function for the number of (k, d)-noncrossing partitions of [n] when d = 1, 2.
Introduction
A partition Π of the set [n] = {1, 2, . . . , n} is a collection B 1 , B 2 , . . . , B d of nonempty disjoint subsets of [n] . The elements of a partition are called blocks. We assume that B 1 , B 2 , . . . , B d are listed in the increasing order of their minimum elements, that is min B 1 < min B 2 < · · · < min B d . The set of all partitions of [n] with d blocks is denoted by P (n, d). The cardinality of P (n, d) is the well-known Stirling number of the second kind [8] , which is usually denoted by S(n, k). Any partition Π can be written in the canonical sequential form π 1 π 2 · · · π n , where i ∈ B π i (see, e.g. [4] ). From now on, we identify each partition with its canonical sequential form. For example, if Π = {1, 4}, {2, 5, 7}, {3}, {6} is a partition of [7] , then its canonical sequential form is π = 1231242 and in such a case we write Π = π. The reduced form of a word π on the alphabet {a 1 , a 2 , . . . , a d }, where a 1 < a 2 < · · · < a d , is a word π ′ obtained by renaming the letters of π. Specifically, the letter a i is renamed i for all i = 1, 2, . . . , d. For example, the reduced form of the word 135351 is 123231. We say that a partition Π avoids τ = τ 1 · · · τ k if its canonical sequential form π = π 1 π 2 · · · π n does not contain a subsequence π ′ = π i 1 · · · π i k , such that the reduced form of π ′ equals the reduced form of τ . For example, the partition π = 1231242 avoids 12321. In [4, 5] , Klazar proved that the number of noncrossing partitions of [n], that is partitions avoiding 1212, and the number of nonnesting partitions of [n],that is partitions avoiding 1221, are given by the n-th Catalan number 1 n+1 2n n . These results of Klazar have been extended in several recent directions. For instance, Chen et al. [2, 3] studied m-regular noncrossing, k-noncrossing and k-nonnesting partitions. Recall that a partition Π is called m-regular if |x 1 − x 2 | ≥ m, for any two distinct elements x 1 , x 2 in the 1 same block of Π. A partition π is called k-noncrossing if it avoids 12 · · · k12 · · · k and k-nonnesting if it avoids 12 · · · kk · · · 21. For further works on this subject, the reader is refereed to Sagan [7] and the references therein. In this paper, we generalize the concept of k-noncrossing partitions to (k, d)-noncrossing partitions. A partition is said to be (k, d)-noncrossing if it avoids 12 · · · k12 · · · d. Let N k,d (n) be the set of all (k, d)-noncrossing partitions of [n] . Note that N k,k (n) is the set of k-noncrossing partitions of [n] (see [3] ). For d = 0, it is easy to see from the definitions that the number of (k, 0)-noncrossing partitions of [n] is the same as the number of partitions of [n] with at most k −1 blocks. Thus,
where S(n, i) is the Stirling number of the second kind. In this paper we give a complete answer for two cases of (n, d)-noncrossing partitions, in which d is either 1 or 2. Table 1 . Number the (k, 2)-noncrossing partitions of [n] for k = 2, 3, 4, 5, 6 and n = 0, 1, . . . , 12. Table 1 presents the number of (k, 2)-noncrossing partitions in P k (n) = N k,2 (n), where k = 2, 3, 4, 5, 6. We will show that the ordinary generating function n≥0 #P k (n)x n for the number of partitions in P k (n) is rational in x and (1 − kx) 2 − 4x 2 . Namely, we prove the following result. 
Then the ordinary generating function for the number of (k, 2)-noncrossing partitions of [n] is given by
where β j,j = 1 and
for i = 0, 1, . . . , j − 1.
The proof of Theorem 1.1, see Section 2, is based on looking at P k (n) as a disjoint union of subsets P k,ℓ (n), depending on some parameter ℓ. Then, we obtain linear recurrence relations with two indices, n and ℓ, for the number of partitions in these subsets. In order to solve the recurrence relations, we make use of the kernel method technique (see, e.g., [1] ). The subsets P k,ℓ (n) can be defined as the collection of all ℓ-increasing partitions in P k (n). Recall that π = π 1 · · · π n is an ℓ-increasing partition of [n] if π i = i for all i = 1, 2, . . . , ℓ and π i+1 = i + 1. Let us denote by Q ℓ (n) the set of all m-increasing partitions of [n], with m ≤ ℓ. Directly from the proof of Theorem 1.1, we can obtain a formula for the number of partitions of [n] in Q ℓ (n).
The ordinary generating function for the number of partitions in Q ℓ (n) is
where β i,j is defined in Theorem 1.1. Theorem 1.1 gives two particular results, namely k = 2 and k = 3. For k = 2,
. Thus, the number of partitions in P 2 (n) is given by the n-th Catalan number. For k = 3,
. It follows that the number of partitions in P 3 (n) is given by the n-th binomial transform of the Catalan number n i=0 (−1) i 3 n−i n i i ⌊i/2⌋ (see [6, Sequence A007313]). For k = 2, there is a combinatorial proof that the number of partitions in P 2 (n) is given by the n-th Catalan number. For k = 3, the formula above counts the number of Schröder paths with no peaks at even level of length n (see [6, Sequence A007317]). It would be interesting to find a bijective proof of this result.
Another bonus from the proof of Theorem 1.1 is the ordinary generating function for the number of (k, 1)-noncrossing partition of [n]. Specifically, we prove the following result.
Then the ordinary generating function for the number of (k, 1)-noncrossing partitions of [n] is given by
where β i,j is defined in Theorem 1.1.
For example, Theorem 1.3, for k = 2, 3, 4, 5, 6, gives the following ordinary generating functions for the number of (k, 1)-noncrossing partitions of [n]:
The numbers of (k, 1)-noncrossing partitions of [n] with k = 2, 3, 4, 5, 6 are given by #N 2,1 (n) = 2 n−1 , #N 3,1 (n) = 1 6 (3 n + 3), #N 4,1 (n) = 1 24 (4 n + 6 · 2 n + 8), #N 5,1 (n) = 1 120 (5 n + 10 · 3 n + 20 · 2 n + 45), #N 6,1 (n) = 1 720 (6 n + 15 · 4 n + 40 · 3 n + 135 · 2 n + 264).
Proofs
Let us denote by F k (x) the generating function for the number of partitions in P k (n):
Here, instead of dealing with recurrence relations with two indices n and ℓ, as we mentioned in the introduction, we deal with recurrence relations in terms of ordinary generating functions with one single index ℓ. Let us denote by F k,ℓ (x) the generating function for the number of partitions in P k,ℓ (n):
Here, for the case ℓ = 0 we have F k,ℓ (x) = 1. Clearly, F k (x) = i≥0 F k,i (x). Our main result is based on the construction of linear recurrence relations with one single index for the ordinary generating function F k,ℓ (x). As we will see later, since the recurrences contain the expression i≥ℓ F k,i (x), we define for clarity
The expression G k,ℓ (x) is the ordinary generating function for the number of j-increasing partitions of [n], with j ≥ ℓ. It follows directly from the definitions that the generating function G k,ℓ (x) is well-defined, since
In our first lemma, we find the recurrence relation for F k,ℓ (x), where 1 ≤ ℓ ≤ k − 1.
Proof. Let π = π 1 π 2 · · · π n ∈ P k,ℓ (n). If n > ℓ then π ℓ+1 ≤ ℓ. Thus π ∈ P k (n) if and only if the reduced form of π ′ = π 1 · · · π ℓ π ℓ+2 · · · π n is a partition in ∪ j≥ℓ P k,j (n − 1). Therefore,
where x ℓ counts the unique ℓ-increasing partition of [ℓ] , namely 12 · · · ℓ, as required by the statement.
The above observation together with the the definition of G k,ℓ (x) gives the following system:
Next, we find an explicit formula for F k,ℓ (x) in terms of F k (x).
where β ℓ,ℓ = 1 and β i,ℓ = ℓx ℓ−1 j=i+1 (jx − 1) for i = 0, 1, . . . , ℓ − 1.
Proof. With the use of Cramer's Rule on (2.1), we obtain
By making use of the formula
which holds by induction on b ≥ a, we obtain
as claimed. Now, before completing the proof of our main result, Theorem 1.1, let us present two applications of Lemma 2.2. The first one is the ordinary generating function for the number of partitions in Q ℓ (n); the second one is the ordinary generating function for the number of (k, 1)-noncrossing partitions of [n].
2.1.
Enumerating partitions in Q ℓ (n). The formula of the ordinary generating function I ℓ (x) for the number of partitions in Q ℓ (n) can be obtained as follows. From the definition of the set Q ℓ (n) and from the proof of Lemma 2.2 for ℓ < k, we obtain that the ordinary generating function for the number of m-increasing partitions in Q ℓ (n) is given by
On the other hand, I ℓ (x) = ℓ m=0 I ℓ,m (x). Combining these two equations, we obtain
The solution of this equation gives a formula for I ℓ (x), as stated in Corollary 1.2.
2.2.
Enumerating (k, 1)-noncrossing partitions of [n]. Let J k (x) be the ordinary generating function for the number of (k, 1)-noncrossing partitions of [n], that is,
More generally, let J k,ℓ (x) be the ordinary generating function for the number of (k, 1)noncrossing ℓ-increasing partitions of [n]. Then, a similar arguments as in the proof of Lemma 2.2 gives that
with J k,0 (x) = 1. On the other hand,
To prove this observation, let π be any (k, 1)-noncrossing ℓ-increasing partition of [n] with ℓ ≥ k. Then π 1 π 2 · · · π ℓ = 12 · · · ℓ and π ℓ+1 < ℓ + 1. Since π avoids 12 · · · k1, then π i / ∈ {1, 2, . . . , ℓ + 1 − k} for all i ≥ ℓ + 1. Thus, the number of (k, 1)-noncrossing ℓ-increasing partition of [n] with ℓ ≥ k is the same as the number of (k, 1)-noncrossing (k − 1)-increasing partition of [n − ℓ − 1 + k]. This is equivalent to J k,ℓ (x) = x ℓ+1−k J k,k−1 (x), for all ℓ ≥ k. Therefore, using the fact that J k (x) = ℓ≥0 J k,ℓ (x), and the two equations (2.2) and (2.3), we can write
Again, by (2.2), we have
The solution of this equation gives a formula for J k (x) = n≥0 #N k,1 (n)x n as stated in Theorem 1.3.
2.3.
Proof of Theorem 1.1. We need some extra notation before completing the proof of Theorem 1.1. Let
From Lemma 2.2, we can observe that
where β ℓ,ℓ = 1 and β i,ℓ = ℓx ℓ−1 j=i+1 (jx − 1), for i = 0, 1, . . . , ℓ − 1. Now, let us focus on the generating functions F k,ℓ (x), where ℓ ≥ k − 1.
Proof. The case j = 0 holds on the basis of Lemma 2.1. Let us assume that j ≥ 1. Let π = π 1 π 2 · · · π n be any partition in P k,k−1+j (n) such that π k+j = i ≤ k − 1 + j. We want the equation of the generating function for the number partitions in P k,k−1+j (n), namely F k,k−1+j (x). Let us consider the following two cases:
• If 1 ≤ i ≤ j then π is such that π p / ∈ {i + 1, i + 2, . . . , j + 1}, where p ≥ k + 1 + j. Thus, the contribution of this case is
• If j + 1 ≤ i ≤ k − 1 + j then π satisfies the above conditions if and only if the reduced form of π 1 · · · π k−1+j π k+1+j · · · π n is a partition in ∪ i≥0 P k,k−1+j+i (n−1). Thus, the contribution of this case is
Putting together the above cases, i = 1, 2, . . . , k − 1 + j, we obtain that
where x k−1+j counts the unique (k − 1 + j)-increasing partitions of [k − 1 + j], namely 12 · · · (k − 1 + j).
Now we have a formula for the generating function F k (x, y): y) ) , which is equivalent to 1 + The functional equation in the statement of Proposition 2.4 can be solved systematically using the kernel method technique (see [1] ). Let
be one of the roots of the equation 1 + Theorem 2.5. The ordinary generating function for the number of 12 · · · k12-avoiding partitions of n, namely F k (x) = F k (x, 1), is given by
where β j,j = 1 and β i,j = jx j−1 s=i+1 (sx − 1), for i = 0, 1, . . . , j − 1.
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